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bstract

In this paper a mathematical model for the electrochemical impedance of a positive electrode in the lead–acid battery was developed. The
echanisms of the electrode processes involved in the batteries were obtained from the literature. Having selected the rate-controlling step as well

s the fast reversible (equilibrated) and irreversible steps, we embarked on the formulation of I–V behavior using Butler–Volmer and Fick’s law for
harge and mass transfer process, respectively. The equivalent circuit consists of resistors, capacitors and mass transfer elements. Each electrical
lement expresses physico-chemical parameters such as diffusion coefficient, concentration, rate constant, etc. So, impedance plots can be used to

etermine the effects of each parameter on the performance of the cells. The simulation model also shows that the state-of-charge (SOC) plays an
mportant role in the Nyquist plot of the positive electrode. Model results are compared with experimental results for cell potential and different
OC.
2005 Elsevier B.V. All rights reserved.
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. Introduction

The lead–acid battery has been used widely as a secondary
attery for almost 150 years, since its invention by Planté in 1859
1,2]. The advantages of the lead–acid system are its excellent
igh-rate discharge capability, good specific energy, high relia-
ility robustness, low cost in both manufacturing and recycling,
s they are manufactured mainly from a single low-cost raw
aterial [3,4].
Impedance measurements are widely used to analyze the

nterfacial process, the variation in the internal resistance, the
tate-of-charge and the residual capacity of lead–acid batter-
es. This method is accurate, fast and non-destructive in nature
5–7].

The impedance study of lead–acid batteries is beset by dif-
culties that are caused by the complex nature of the process
nvolved. From the system point of view, the batteries are
on-linear, multi-parameters, quasi-irreversible, large statisti-
al systems with distributed parameters on both the macro- and
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icro-scale. Processes of energy and mass transport take place
n the batteries that cause significant changes in the internal

icrostructure and operational behavior [8,9].
The model development history of lead–acid battery starts

rom late 1950s [10,11]. Nguyen et al. proposed a model for dis-
harge, rest and charge to lead–acid battery and they introduced
OC as a dynamic parameter in the model [13]. Tenno proposed
model for overcharging of a battery. The model covers the full
ischarge–recharge cycle including deep discharge and over-
harge. His modified model contains new formula for electrode
orphology, applying charging factor to SOC, electrode poros-

ty and acid concentration [10]. Mauracher and karden develop a
attery model that gives the terminal voltage as a function of cur-
ent and time. Their model structure is based on a randles equiv-
lent circuit [12]. Nguyen and white proposed a mathematical
odel of a hermetically sealed lead–acid cell. This model used

o study the effect of having an excess negative electrode and the
ransport rate of oxygen across the separator on the oxygen evo-
ution at the positive electrode and the reduction of oxygen at the

egative electrode during charge and overcharge [13]. Gu et al.
roposed a three-phase, electrochemical and thermal-coupled
odel for lead–acid battery. Physical phenomena such as gas

eneration, transport and electrolyte displacement are incorpo-



M. Hejabi et al. / Journal of Power

Nomenclature

Cad, Cdl absorption capacitance and double layer capaci-
tance (F cm−2)

F Faraday constant, 96,487 C mol−1

i, i0 current density and exchange current density
(A cm−2)

J
√−1

k1, k−1 forward and backward rate constant of charge-
transfer reaction (cm s−1)

RS, RCt, Rad solution resistance, charge-transfer resis-
tance, adsorption resistance (� cm2)

SOC state-of-charge
ZCt charge-transfer impedance
Zt total impedance
Zw Warburg impedance
α, β symmetry factor in the reduction and oxidation

direction
θ, Γ coverage degree of adsorbed Pb2+ and maximum

degree of adsorbed Pb2+ (mol cm−2)
σ impedance coefficient of Pb2+ diffusion
ω angular frequency of ac signal

Superscripts
→,← reduction and oxidation direction
−, ∼ dc and ac signal
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where ĩ, θ̃ and ϕ̃ are at the same frequencies as expressed by
ated in this model [14]. Andersson et al. used a model for porous
lectrodes to analyze impedance data in such a way that physical
arameter can be evaluated. It is also suggested that these param-
ters can be used as a way of determining the state of health of
battery during float charging [15]. Gu and Nguyen develop a
athematical model of a lead–acid battery, which includes the
odeling of porous electrodes and various physical phenomena.
he model is used to study the dependence of the performance
f the cell on electrode thicknesses and operating temperature
16].

For an accurate model of any electrochemical device, one
ight employ a rigorous theory taking all the factors into

onsideration, but in practice that becomes too complicated.
herefore, an equivalent circuit may be used to relate the dynam-

cal behavior of a battery [17]. An equivalent circuit model is
n interconnection of electrical elements introduced to repre-
ent terminal characteristics of the battery. Such models have
een described by a number of scientists including Hampson
t al. [18], Willihnganz and Rohner [19] and De Bardelaben
20]. However, they have not considered the relation between
hese elements (resistance, capacitance, inductance, Warburg
mpedance, etc.) with various parameter of battery such as
oncentration of electrolyte, temperature, diffusion coefficient,
OC, rate constant, etc. In this study, the effect of these param-

ters on Nyquist plot (imaginary part versus real part) has been
nvestigated. L
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. Impedance modeling of charge reaction of the lead
ioxide electrode

During the discharge of a lead–acid battery, the lead sulfate
orms a passive layer on the surface of positive electrode, i.e.

bSO4+ 2H2O → PbO2+ 4H+ +SO4
2− + 2e− (1)

he layer of PbSO4 that is near the surface of the electrode is
nsulator for electron transfer and it can transmit only ions such
s Pb2+ and H+. In other words, it is a selective membrane for
iffusion of ions. The growth of PbO2 is determined by the flow
f Pb2+ ions. The Pb2+ ions move by surface diffusion along
he PbSO4 crystal surface toward the PbO2 phase, where they
re oxidized. Considering the above discussion, the following
echanism for the charge process in the positive electrode is

uggested [21]:

bSO4

k2
�
k−2

Pb(film)
2+ + SO4

2− (2)

b(film)
2+ J−→Pb(ads on PbO2)

2+ (3)

b(ads on PbO2)
2+ + 2H2O

k1
�
k−1

PbO2 + 4H+ + 2e− (4)

n the first step, PbSO4 dissolved and the lead ions (Pb2+) are
ormed in the electrolyte solution near the electrode. In the
econd step, the lead ions diffused in lead sulfate layer and
dsorption of (Pb2+) ions takes place. Finally, the adsorbed
ons convert to lead dioxide (PbO2) during the charge-transfer
eaction. In order to analyze and interpret the electrochemical
ehavior of such a reaction, it is necessary to derive a theoretical
xpression for the impedance of the above process.

The current density for the charge-transfer step (reaction (4))
an be expressed as follows:

= �i−← i = nF

[
k1θa

2
H2O exp

(
−αnFϕ

RT

)

− k−1(1− θ)a4
H+ exp

(
βnFϕ

RT

)]
(5)

In ac impedance studies, the variables are composed of a
teady-state component plus an alternating component:

= ī+ ĩ, θ = θ̄ + θ̃, ϕ = ϕ̄ + ϕ̃ (6)

Differentiation of Eq. (5) gives:

dĩ

dt
= nF

[
−
( �i

θnF
+ ← i

(1− θ)nF

)
dθ̃

dt

− 1
(α�i+ β← i)

dϕ̃
]

(7)
˜ = L0 exp(jωt) (8)
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The equivalent circuit corresponding to Eq. (26) is shown in
Fig. 1, which is the total impedance of lead dioxide electrode in
lead–acid battery neglecting gas evolution.
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n which L̃ represents ĩ, θ̃, ϕ̃ and L0 are the amplitude of these
ariables. The time derivative of Eq. (8) is

dL̃

dt
= jωL̃ (9)

Thus Eq. (7) can be further simplified as follows:

= −
[�i

θ
+ ← i

(1− θ)

]
θ̃ − nF

RT
(α�i+ β← i)ϕ̃ (10)

he interfacial impedance of the lead dioxide electrode (Z) is
xpressed by:

= − ϕ̃

ĩ
(11)

rom the above equation, one can obtain the following relation:

= ZF + Zt (12)

here

F = RT

nF (α�i+ β← i)
= Rct (13)

nd

t = RT

nF (α�i+ β← i)

[�i
θ
+ ← i

(1− θ)

]
θ̃

ĩ
(14)

here ZF = Rct is the impedance due to the charge-transfer reac-
ion and Zt is the impedance due to diffusion and adsorption of
ead ions. Therefore, the contribution to the impedance is due to
hese steps: charge-transfer reaction, diffusion of Pb2+, adsorp-
ion of Pb2+, which is described by Eqs. (3) and (4).

Consider Eq. (5) being at equilibrium:

= ← i = i0 = nFk1θ̄a
2
H2O exp

(−αnF

RT
ϕ

)

= nFk−1a
4
H+ (1− θ̄) exp

(
βnF

RT
ϕ

)
(15)

et

= 0.5, β = 0.5, θ̄ � θ̃ (16)

= a2
H2O

a4
H+

exp

[
nF

RT
ϕ

]
(17)

1 = k1

k−1
(18)

ombining Eqs. (15)–(18), and assuming aH+ = CH+ , ZF and
t can be obtained as follows:

F = Rct= RT

nFi0
=Rct= RT (1+K1A)

n2F2k−1C
4
H+ exp((βnF/RT )ϕ)

(19)
nd

t = RT

nFθ̄(1− θ̄)

θ̃

ĩ
= RT (1+K1A)2

nFK1A

θ̃

ĩ
(20) F

c
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n order to obtainθ̃/ĩ, reactions (2) and (3) are taken into account
nd we can introduce some parameters which depend on diffu-
ion and adsorption:

bSO4

k2
�
k−2

Pb2+ + SO4
2− (21)

nd we obtain:

− nFk2θ(1−χs)− nFJ + nFk−2χs(1− θ) = nFΓ
dθ

dt
(22)

y separating the alternate parts and dc parts we obtained χ̄s
nd χ̃s:

¯ s = k2θ̄

k2θ̄ + k−2(1− θ̄)
(23)

ccording to mass balance at the electrode surface:

− nFΓjωθ̃ = nFj̃i (24)

nd

˜
i = Nχ̃sF (jω, D) (25)

y using Eqs. (24) and (25) we can obtain χ̃s:
By substitution χ̃s and χ̄s we obtain θ̃/ĩ

With considering the resistance of solution Rs and a double
ayer capacitance Cdl, the total impedance of the lead dioxide
lectrode is

total = Rs + 1

jωCdl + (1/Rct + (1/jωcad + (1/Zd)))
(26)

ct = RT (1+K1A)

n2F2k−1C
4
H+ exp((βnF/RT )ϕ)

(27)

ad = n2F2Γ

RT

[√
K1A+ 1√

K1A

]−2

(28)

= RT

nFN
(1+K1K2A) (29)

d =
[

σ√
ωD2

]
(1− J)

[
tan h

(
δ

√
jω

Dn

)]
(30)
ig. 1. Equivalent circuit for lead dioxide electrode in lead–acid battery during
harge reaction.
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Fig. 3. Nyquist plots for lead electrode during charge reaction sim-
ulated based upon (26) at differentCx = C4

H+ , with parameters of,

T = 300, Cdl = 9× 10−6 F cm−2, Rs = 1.5 ohm cm2, Γ = 1× 10−6 mol cm−2 and
k1 = 1× 10−4 cm s−1.

F
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. Experimental setup

A cell is used for this test that consists of one half positive
late and two negative plates (that pasting, curing, charging pre-
iously) of a 6SB3 motorcycle MF battery. The electrolyte is
ulfuric acid with specific gravity of 1.28.

The charge/discharge and impedance data are obtained with
OLARTON 1470, a multi-channel battery tester system. Fre-
uencies of the impedance spectroscopy are swept from l00 kHz
o 1 mHz at amplitude of 10 mV. All cells are tested in 2nd
ycle of charge/discharge. During second discharge cycle the
mpedance spectroscopes are performed in under zero current
n 10 different SOC (100–10%) for measurement in different
otential.

. Results and discussion

Rct is the charge-transfer resistance and depends on param-
ters such as T, k1, k−1, φ and Cad, the capacitance due to
dsorption, depends on T, Γ , n, k1 and k−1. Zw is the Warburg
mpedance due to the mass transfer of ions in PbSO4 film whose
ffects appears in the low frequency region. With change of
ome parameters, some component (Rct, Cad, Zw, etc.) in a spe-
ific frequency range shows their alter effect to the general form
f curves. Fig. 2 represents the effect of diffusion coefficient
f (Pb2+) ions on Nyquist curves. As shown in Fig. 2 with the
ecrease of DnPb2+ , the magnitude of the impedance increases.
ccording to the derived equations, the effect of DnPb2+ is con-

iderable in Warburg impedance and with increase in the density
f system, the amplitude of DnPb2+ decreases. For instance when
e apply a gelled electrolyte in lead–acid battery or during

harge/discharge cycles, the thickness and the density of PbSO4
ayer increase.

Theoretical results of Fig. 3 show that acid concentration

nfluence on Nyquist plots and the most effect is on charge-
ransfer stage. By considering experimental results of different
OCs, we obtain that some changes in SOC cause changes in
harge-transfer part. By comparison two Figs. 3 and 4 we can see

ig. 2. Nyquist plots for positive electrode in lead–acid battery during charge
eaction simulated based upon Eq. (26) at different DPb

2+, with parame-
ers of, Cx = 5 M, k1 = 1× 10−4 cm s−1, Cdl = 9× 10−6 F cm−2, RS = 1.5 � cm2,

= 1× 10−6 mol cm−2 and T = 300 K.

r

a
a
e
t

F
r

ig. 4. Nyquist plots for positive electrode in lead–acid battery during discharge
eaction based upon experimental results at different SOC.
direct relation between acid concentration and SOC, as a result,
lthough other parameters too have an effect on SOC also. For
xample, PbSO4 thickness change shows its influence on mass
ransfer part. Because of the purpose of reviewing one by one

ig. 5. Nyquist plots for positive electrode in lead–acid battery during discharge
eaction based upon experimental results at different potential.



9 ower

o
p

a
e
d
m
f
m
t
t

5

1
2
3

4

A

C
r

R

[
[
[
[
[

[
[
[
[
[19] E. Willihnganz, P. Rohner, Electr. Eng. 78 (9) (1959) 922–925.
[20] S. De Bardelaben, Determining the End of Battery Life, INTELLEC 86,
48 M. Hejabi et al. / Journal of P

f parameter on cell characteristics, we consider the changes of
arameters separately.

As Fig. 5 depicts, Rs changes cause the potential variation. It
ppears that the study of the impedance modeling of the positive
lectrode could supply valuable information for elucidating the
ynamics of the processes taking place in lead–acid battery. Our
odel is a simple model and the parameters such as porosity

actor, surface adsorption effects, etc. are not involved in our
odeling and only simple electrochemical reaction and mass

ransfer equations are used for description of system in contrast
o the other papers, but eventually it provides acceptable results.

. Conclusion

. Direct relation between SOC and acid concentration.

. Reverse relation between Rs and terminal’s voltage.

. Rct and Cad depend on parameter such as T, k1, ϕ, CH+ ,. . .,
etc.

. The comparison between experimental and theoretical results
show that components of this model are functions of battery
properties such as diffusion coefficient, temperature and rate
constant.
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